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Geometry in materials is a key concept which can determine mate-
rial behavior in ordering, frustration, and fragmentation. More
specifically, the behavior of interacting degrees of freedom sub-
ject to arbitrary geometric constraints has the potential to be
used for engineering materials with exotic phase behavior. While
advances in lithography have allowed for an experimental explo-
ration of geometry on ordering that has no precedent in nature,
many of these methods are low throughput or the underlying
dynamics remain difficult to observe directly. Here, we introduce
an experimental system that enables the study of interacting
many-body dynamics by exploiting the physics of multidroplet
evaporation subject to two-dimensional spatial constraints. We
find that a high-energy initial state of this system settles into
frustrated, metastable states with relaxation on two timescales.
We understand this process using a minimal dynamical model
that simulates the overdamped dynamics of motile droplets by
identifying the force exerted on a given droplet as being pro-
portional to the two-dimensional vapor gradients established by
its neighbors. Finally, we demonstrate the flexibility of this plat-
form by presenting experimental realizations of droplet−lattice
systems representing different spin degrees of freedom and
lattice geometries. Our platform enables a rapid and low-cost
means to directly visualize dynamics associated with complex
many-body systems interacting via long-range interactions. More
generally, this platform opens up the rich design space between
geometry and interactions for rapid exploration with minimal
resources.

droplets | evaporation | metastability | geometric frustration |
self-assembly

The set of possible two-dimensional (2D) tiling patterns is
unbounded and has been explored primarily by artists and

mathematicians more extensively than by materials engineers
(1). Lattice models in physics provide a connection between the
world of tiling patterns and materials science. In general, lattice
models consist of an array of interacting degrees of freedom con-
fined to some regular pattern (2). While some of these models
have been explored theoretically, the vast majority remain unex-
plored (3). In part, this is because only a small subset of these
patterns likely have a counterpart in nature (4). Furthermore,
understanding the dynamical properties of such systems has long
been recognized as a theoretical and experimental challenge (5,
6). Meanwhile, advances in material fabrication have made pos-
sible the design of metamaterials with synthetic structures that
have no counterpart in nature (7–10). Artificial lattice systems
have provided insight into theoretical questions surrounding sta-
tistical mechanics and dynamics (11, 12). Furthermore, they
have also allowed for the study of completely new lattices that
have shown the possibility of emergent charge ordering (13) and
dimensionality reduction (14), opening up the possibility of ratio-
nally engineering frustrated materials with exotic phase behavior
which might find application in parallel information processing
and storage (15–17). Unfortunately, many of these experimental
platforms are limited either by complexity of fabrication or dif-
ficulty of observation. What is missing is a flexible, experimental

system that allows for rapid exploration of different degrees of
freedom constrained to arbitrary geometrical patterns.

Liquid droplets are an inherently discrete arrangement of
matter encountered in everyday life. The interactions between
multiple evaporating droplets sharing a common vapor phase
can give rise to emergent behavior such as spatiotemporal pat-
terns of evaporation (18, 19) and extended evaporation lifetimes
(20–22). Part of this complexity emerges from the long-ranged
nature of the vapor concentration surrounding an evaporating
droplet, which decays at large distance r with a 1/r scaling
(23, 24). Thus, multiple droplets sharing a common vapor phase
can effectively “sense” each other over long distances. Formally,
systems with an interparticle potential decaying as 1/rα with
α≤ d in dimension d are regarded as long ranged. Common
examples include magnets with dipolar interactions, gravita-
tional forces, and Coulomb forces (25). Systems with long-ranged
interactions share a number of unusual features such as diverg-
ing, size-dependent relaxation times of metastable states and
ergodicity breaking (25, 26). Additionally, droplets can also act
as both sources and sinks of vapor (23). Therefore, the long-
ranged interactions are intrinsically nonadditive, requiring the
development of a many-body theory (27–29). When droplets
are composed of two suitable miscible liquids, evaporation can
be coupled to motility (30–32). Therefore, evaporation repre-
sents a heretofore yet unexplored driving force for self-assembly
at the macroscale with potential for uncovering new collective
phenomena.

Significance

Advances in material fabrication have made it possible to
produce materials with an increasing range of geometries,
including those with no precedent in nature. However, the
relationships between geometry and state or the dynamics
governing transitions between states in condensed mate-
rial systems are not well understood and remain difficult to
observe. Here, we use evaporating liquid droplets with a
capacity for motion in response to long-range vapor-mediated
interactions to create a new class of condensed matter sys-
tem. The role of long-range interactions is understood by
developing a simple, numerical model. A key feature of this
system is the ability to rapidly fabricate nearly any 2D pat-
tern and observe the motion of interacting elements at the
macroscale.
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Here, we introduce a system of interacting, motile droplets
that self-assemble constrained by 2D hydrophobic boundaries
which can be used to define arbitrary tiling patterns. We consider
the specific case of the hexagonal honeycomb lattice in order
to make comparisons with a minimal mechanical model. We
observe relaxation of the system from a high-energy state into
frustrated, metastable states described by two timescales, charac-
teristic of systems with long-range interactions. We find that our
model is able to reproduce a coarse-grained description of the
system, confirming the long-ranged nature of the vapor-mediated
interactions. Finally, we demonstrate the flexibility of this exper-
imental system by showing a diversity of lattice systems spanning
many different geometries and degrees of freedom. The system
presented here thus enables the rapid exploration of relation-
ships between geometry, topology, and frustration in the context
of a many-body system with long-range interactions.

Results
Experimental Description. For this work, we create a system of
interacting droplets on a hexagonal honeycomb lattice with edge
width w =1 mm and lattice constant a =7.5 mm. The edges are
fabricated by depositing hydrophobic material onto a hydrophilic
substrate. Here, we use both lithographically patterned gold and
ink from permanent markers on polished silicon wafers. The
hexagonal honeycomb lattice is chosen for its simplicity which
allows for direct comparison with our minimal model. In general,
droplets will move in the direction of greatest vapor concentra-
tion. It can be seen, in the N =3 lattice, that this will lead to
the assembly of a droplet cluster around the shared vertex, that
is, formation of a vertex structure (Fig. 1A). This is the locally
preferred structure that will maximize droplet lifetime through
shielding effects, that is, reduced evaporation due to higher local
humidity from evaporating neighbors (20–22). The shape of the
boundary can be designed to restrict droplet motion to mimic
well-defined spin states encountered in statistical mechanical
models. For example, droplet motion can be restricted to realize
n-state discrete or continuous XY spin states (Fig. 1B).

Increasing the size of the lattice introduces frustration and
increasingly complex finite-size effects. For example, as N
increases, so does the possibility of unsatisfied vertex structures.
An attractive feature of the hexagonal honeycomb lattice is that,
with a total of four possible vertex structures, it has the smallest
set possible for a 2D tiling, allowing for a simple coarse-grained
description of the system (Fig. 1C). Here, we study the N =61
lattice, which has a nontrivial state space of∼ 661 or 1047 unique
microstates. Each droplet will contribute to a global vapor field
whose distribution within the system will ultimately depend on
both system size and symmetry. In the case of the lattice studied
here, the global vapor field has an overall radial symmetry (Fig.
1D). A key question of this work is understanding how long-ranged
vapor-mediated interactions act to constrain this state space.

A system is initialized by depositing N two-component
droplets in parallel (Fig. 1E and SI Appendix, Supplementary
Methods). For all experiments and numerical work, we consider
the case where initial conditions are set by depositing droplets
about the center of their respective unit cell. The two-component
droplets employed here are composed of water and propylene
glycol and have an average radius of R0 =2.3 mm with SD
σ=0.2 mm (SI Appendix, Fig. S1). Experiments are carried out
under ultraviolet (UV) illumination, and droplets are visualized
by the addition of a small amount of UV-active dye (0.08%)
[V /V ], which is small enough to ignore ternary effects (Movie
S1) (33). Data are captured using a digital camera with a long-
pass filter, giving the droplets a green color (Fig. 1 E and F).
The length of a typical observation is informed by considering
the timescale associated with the transport of water vapor within
the system.

While the evaporation of water has long been recognized to
have a significant convective component, two considerations in
our experiments allow the propagation of vapor to be approxi-
mated as a diffusion-dominated process (34). First, the high den-
sity of droplets serves to keep the local environment around each
droplet enriched in water vapor (20). Secondly, all experiments
are performed in an enclosed chamber, minimizing the effects
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Fig. 1. Evaporation-mediated many-body interactions on a lattice. (A) A hydrophobic barrier of dimension w can be used to confine two-component
Marangoni-contracted droplets into a potential well with a prescribed geometry (Top). Vapor gradients are unaffected by these obstacles, allowing droplets
to interact with their neighbors over long distances. Here, we study droplets interacting on a hexagonal honeycomb lattice characterized by lattice vector a
(Bottom Left). In an N = 3 lattice, we expect the droplets to deterministically organize at a vertex (Bottom Right). (B) However, alternative spatial constraints
can be realized which restrict droplet motion to allow for well-defined spin states. Some possibilities include the two-state Ising, four-state Potts, and
continuous XY spin systems. (C) Extending the lattice in A to include N = 61 lattice sites allows for unsatisfied interactions to occur, since local interactions
must also compete with global interactions. We can characterize this frustrated system according to droplet occupancy at the vertex ranging from zero
(not shown) to three. (D) Cartoon showing possible configuration in the N = 61 lattice emphasizing the spherical symmetry of global vapor field. (E and
F) Representative time series of an experimental realization of the system with N = 61 lattice sites. Insets show vertex structures at initial (E) and final (F)
observation times, with vertex structures color coded according to the scheme in B.
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of any ambient air currents and allowing a steady-state, global
humidity to be reached (SI Appendix, Fig. S2 and Movie S1).
Both of these considerations promote the formation of a diffu-
sive boundary layer, a requirement for the transport of water
vapor to be regarded as diffusion dominated (34). A system
with characteristic length x ≈ 7 cm requires ∼ 200 s for vapor
to cross the system (given by t ≈ x2/D , where D =0.242 cm2/s).
This timescale sets a lower bound on our experimental obser-
vations. Here, we observe the system for 20 min, corresponding
to a change in the average droplet radius of ∼ 5% (SI Appendix,
Fig. S1). While cooperative evaporation effects serve to extend
droplet lifetime such that droplet volumes are not significantly
reduced during this timeframe, we do find that changes in droplet
composition required for Marangoni contraction do occur, par-
ticularly at the boundary. In general, most of the dynamics occurs
before this effect is significant. However, rearrangements within
the lattice do occur over the entirety of our observation period.

Numerical Model of Two-Component Droplet Dynamics. In order to
develop an intuition about this system, we develop a simple,
numerical model that is built on the assumption that evapora-
tion of water is a slow, diffusion-dominated process. Since we are
interested in the assembly of many interacting particles that are
free to explore different conformations and metastable states, we
model the dynamics of the system explicitly (29). This is made
possible by the work of Cira et al. (30), who found that two-
component droplets, separated by a center-to-center distance r ,
experience an attractive force which scales with F ≈ 1/r2. The
physical mechanism underlying this attractive force is described
by asymmetries in the vapor concentration field φ along the
droplet perimeter. Thus, the direction of droplet motion is deter-
mined by the azimuthal vapor distribution, whereas the strength
of the response is proportional to the separation distance. Since
force depends only on the position of the droplet in the sur-
rounding field, the force is conservative, and we can identify the
corresponding scalar potential as the vapor field itself. Indeed,
the steady-state solution to the heat equation gives a φ≈ 1/r
dependence for spherical vapor sources. Importantly, it is gra-
dients in the vapor field that govern droplet dynamics, satisfying
F =∇φ.

Deegan et al. (23) developed a theory for the concentration
of vapor outside of a lens-shaped droplet with a contact angle θ,
where 0≤ θ≤π (24). In an environment where the vapor con-
centration is high, as in the center of a droplet array, the contact
angle for two-component droplets is small (∼ 10◦). In the limit
where θ=0, the vapor concentration outside of a droplet with
radius R is given by

φ(rij )=

{
1 rij <R
2
π
arcsin

(
R
rij

)
rij ≥R

. [1]

We treat this expression as a two-body potential between the ith
and jth droplets. Carrier et al. (20) showed that this expression is
reasonable even where cooperative effects associated with mul-
tidroplet evaporation are significant. While recent work has been
done to quantify cooperative effects on droplet lifetime (20–22),
their effects on the spatial gradients of the vapor field remains
unclear and are likely further complicated by solutal and thermal
Marangoni flows (33).

Here, we take an empirical approach and define N (ξ) to be
a fitting parameter that represents the number of interacting
neighbor droplets in an interaction shell for droplets that are
ξ lattice sites away. Therefore, we obtain an expression for the
potential Uvapor that accounts for the nonadditivity due to vapor

shielding by varying ξ,

Uvapor(r)=

N∑
i=1

N (ξ)∑
j=1

φ(rij ). [2]

The distribution of vapor produced by equation Eq. 2 is visu-
alized in Fig. 2A, where the contribution of all droplets in the
system is represented. A triangular lattice is overlaid showing
that lattice sites of this dual lattice correspond to locations where
the vapor field has the possibility of being locally maximal when
the site is occupied. The distribution of vapor has a global, radial
symmetry, reflecting the idea that droplets are evaporating into
a global “superdrop,” implying that droplets will experience a
net force toward the center of the system (20). However, this
radial symmetry is broken locally when droplets assemble into
vertex structures. We quantify this competition between local
and global ordering by introducing a correlation function for the
ith droplet ci ,

ci(t)= cos(ρi −ψi(t)), [3]

where ρi is the angle defined by the location of the ith unit cell
and the center of the system, and ψ(t) is the angle of the ith
droplet defined by the position of the droplet relative to the cen-
ter of the ith unit cell at time t (SI Appendix, Fig. S4). Thus,
a value of ci =0 indicates perfect alignment with the center of
the system, whereas ci =1 indicates perfect antialignment. A
representative configuration obtained from experimental data is
shown in Fig. 2B, where individual droplets are colored accord-
ing to Eq. 3. It can be seen that the formation of triplets is
incompatible with global field alignment, since triplets necessar-
ily require at least one droplet to be antialigned with the global
field.

In addition to the vapor-based potential, there is also a con-
tribution from the hydrophobic boundaries Uboundary, making
the final expression for the potential U =Uvapor +Uboundary (SI
Appendix, Supplementary Methods). Since droplet velocities are
slow (≤ 1 mm/s), we can work in the low Reynolds number limit
and neglect inertia to obtain the equations of motion directly
from the overdamped gradient equation ~̇r =−ζ∇U , where the
value of the damping parameter is set to ζ =1. Finally, since the
force is driven by asymmetries along the 2D droplet perimeter,
we consider only the vapor distribution in the plane, reducing
the problem to two dimensions. The mathematical description
of Uboundary makes this a system of stiff ordinary differential
equations, for which solutions are obtained using a backward dif-
ference formula. This treatment assumes that droplets are hard
disks and ignores the possibility of contact line pinning or any
friction associated with the hydrophobic boundary.

The key difference between our numerical model and exper-
iment is the absence of a diffusion timescale, which means that
droplets broadcast their vapor instantaneously. Therefore, com-
parison with our numerical model allows us to understand the
importance of the interaction length scale in this system. We
study the evolution of the system where ξ in Eq. 2 is varied from
one to five (Fig. 2C and Movie S2). For each value of ξ, we ini-
tialize a system with droplets placed about the center of their unit
cell with ∼ 5% noise in their initial placement. Statistics are col-
lected from at least N =1,000 configurations for each ξ. This
number is sufficient to obtain reproducible statistical results.
Increasing ξ forces more droplets to orient toward the center
of the system to align with the center of the superdrop. More
specifically, we can extend the definition of Eq. 3,

C (ξ′, t)=
1

N

ξ′max∑
ξ′=1

N (ξ′)∑
j

ci(t), [4]
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Fig. 2. Comparison of numerical model with experimental data. (A) Numerical model of complex global vapor field with dual lattice overlaid, showing
that vertices in dual space correspond to sites where vapor enrichment is most likely to occur. (B) Vapor field has a global, radial symmetry which will
tend to align droplets toward the center of the system. Here, the correlation of each droplet with the center of the system is quantified. (C) Average
correlation plotted as a function of ξ. Interpolation shows that ξ= 3.2± 0.32 gives the best agreement with experiment. Horizontal error bars indicate SD
of interpolated interaction range ξ obtained from experimental measurement of 〈C〉. Vertical error bars indicate SD of 〈C〉. Inset shows interactions that are
up to ξ= 5 lattice sites away from the indicated unit cell, colors indicate which sites are equidistant. (D) Equal time correlation function plotted as a function
of distance from the center, showing that long-range interactions increase edge effects. (E) The misfit parameter allows for quantification of frustration by
comparison with idealized states where all interactions are either completely satisfied (Left) or unsatisfied (Right). A representative configuration obtained
from experimental data is shown (middle) for comparison. (F) Simulation results showing the value of the misfit parameter as ξ is varied. An experimental
value for ξ is obtained by interpolation from simulation data to determine that ξ= 3.5± 0.72 gives the best agreement with experiment. Horizontal error
bars indicate SD of interpolated interaction range ξ obtained from experimental measurement of µ. Vertical error bars indicate SD of µ. (G) Comparison
of N = 33 experiments with numerical simulations shows that ξ= 4 neighbors gives good agreement with experiment in terms of vertex-type population
of the system compared with simulations considering only nearest-neighbor (ξ= 1) interactions. Configurations obtained under ξ= 1 dynamics become
unstable when ξ is instantaneously switched to ξ= 4. Specifically, locally stable triplet structures—particularly those at the boundary—become unstable
under a long-ranged (ξ= 4) potential. Error bars indicate SD.
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where ξ′ is introduced to indicate the number of lattice sites
from the center of the system. Thus, ξ′ represents the number
of droplets in a shell that are exactly ξ′ sites from the center of
the system, and ξ′max represents the number of lattice sites from
the center to the boundary (here, ξ′max =5). Taking an average
over all ξ′ shows that 〈C 〉ξ′ is a monotonically increasing func-
tion of the number of interacting neighbors ξ, indicating that
increasing the number of neighbors serves to disrupt the forma-
tion of vertex structures and force alignment of droplets with the
center of the system (Fig. 2C). Considering the correlation func-
tion as the distance from the center ξ′ is varied shows that the
increasing ξ has the effect of reducing the formation of vertex
structures farther inward from the boundary (Fig. 2D). In other
words, edge effects are more pronounced as the length scale of
interaction approaches the size of the system. When nearest-
neighbor interactions are considered alone, this alignment occurs
only at the boundary. Vertex structures can still form at the
boundary, as indicated by the low value of C (ξ′=4), since for-
mation of a triplet structure necessarily requires at least one
droplet to be antialigned with the global vapor field.

The frustration in the system can be quantified by defining a
misfit parameter µ which normalizes a coarse-grained descrip-
tion of the system energy to a value between zero and one (35).
This is essentially a Min−Max normalization where the limits
are defined by ideal states with all interactions either satisfied
or unsatisfied, E id

min and E id
max, respectively;

µ(Ei)=
Ei −E id

min

E id
max−E id

min

. [5]

Fig. 2E compares a representative configuration obtained from
experimental data with possible configurations of the two ide-
alized states. It should be noted that E id

max is unique, whereas
E id

min is frustrated and degenerate. Here, frustration emerges
from the finite size of the system. More specifically, the three
hexagonal tiles constituting a low-energy triplet structure are
unable to solve the finite tiling problem for the hexagonal region
defined by N =61 hexagonal lattice cells (36). In addition to
frustration arising from finite-size effects, frustration can also
arise from long-range interactions (37). Indeed, frustration is a
monotonically increasing function of ξ (Fig. 2F).

Examining the microscopic details obtained from different
configurations for two different values of ξ gives further insight
(Fig. 2G). When the system evolves under nearest-neighbor
interactions (ξ=1), we see that triplets form in high numbers
all across the system, even at the boundary. In contrast, when
the system evolves under long-range interactions (ξ=4), we see
that the number of triplets is considerably reduced and that they
are concentrated in the center of the system. Interestingly, the
number of doublets is relatively unchanged under these two con-
ditions. Since our model lacks an explicit description of the vapor
diffusion timescale, we generated configurations that evolved
under nearest-neighbor interactions and then instantaneously
switched the interactions to ξ=4 to approximate the diffusion
across the system. The results show that long-ranged interactions
break structures that were previously stable under short-range
interactions, including locally preferred triplets, resulting in a
lower overall occurrence of triplets. Interestingly, we see that
the vertex structures break in such a way that droplets are pulled
toward the center of the system.

To further verify the validity of our model, we vary both the
size N and lattice constant a of the system (SI Appendix, Fig.
S6 and Movie S3), calculate the misfit parameter and radial cor-
relation, and compare it with predictions made by the model
(SI Appendix, Figs. S7 and S8). However, the predictions of the
model depend on the interaction length scale ξ inferred from
experimental data. Therefore, it must be emphasized that these

parameters are inherently coupled: Increasing a increases the
size of the system despite keeping N constant, effectively diluting
the concentration of vapor within the global superdrop. In addi-
tion to having an effect on droplet lifetimes and the timescale
for signal propagation, this might also lead to differences in the
ability of droplets to screen one another. Furthermore, increased
concentration of vapor within the superdrop can lead to a reduc-
tion in droplet contact angles (30, 38), leading to less spherical
droplets with larger surface areas. This effect arises from the
fact that the active contact angle underlying Marangoni con-
tracted droplets emerges from a gradient in vapor concentration
between the center of the droplet and its boundary. This effect
is observed in lattices with N =61 droplets and w =0.5 mm
(Movie S3). Since ξ effectively absorbs all of this complexity, it
must be evaluated independently for each a . We find, exper-
imentally, that the smaller N =37 system has higher average
values of frustration and radial correlation than the N =61
system, due to the increased influence of the boundary. We
find that this observation is consistent with numerical results.
Furthermore, we find that, for a given a , the model produces
consistent values of ξ between the two lattice sizes (SI Appendix,
Figs. S7D and S8D and Supplementary Methods), demonstrating
the model’s ability to predict the behavior of the system across
different N .

Statistical Dynamics of a Rapid Quench. We expect a droplet sys-
tem initialized in a high-energy configuration to relax toward a
lower energy state through a process of self-assembly. Experi-
mental observation of droplet dynamics on the hexagonal hon-
eycomb lattice reveals that assembly occurs in two stages (Fig.
3A and Movie S1). In brief, we observe a rapid relaxation into
a metastable state followed by a slow relaxation toward lower-
energy configurations over time. These dynamical features are
regarded as general features of systems with long-range inter-
actions (25, 26). The timescales associated with these processes
can be understood by considering the diffusion of water vapor
across different length scales. First, the timescale associated with
vapor diffusion between neighboring lattice sites τlocal≈ a2/D
is ∼O(101) s, which is independent of system size and corre-
sponds to a period where local interactions dominate. Second,
the timescale associated with diffusion across the entire system
is τglobal≈L2/D is ∼O(102) s, which scales with system size and
corresponds to a regime where long-ranged interactions dom-
inate. The slow timescales associated with diffusion allow for
direct observation of dynamics occurring within a condensed
many-body system.

In the first stage, we observe a rapid inward collapse resem-
bling the dissipative equivalent of the gravitational Jeans instabil-
ity expected for systems with long-ranged attractive interactions
(39–41). However, closer inspection reveals that it is primarily
droplets at the boundary which collapse inward due to unbal-
anced interactions at the edge. The direction of collapse for inte-
rior droplets is less uniform, consistent with a regime dominated
by short-range interactions. Monitoring vertex-site populations,
we see that individual droplets first arrive at a vertex, forming sin-
glets before less frustrated structures (e.g., doublets and singlets)
form (Fig. 3B). Interestingly, the time required for a droplet to
arrive at a vertex site is described by a long-tailed distribution
with an average value 〈τvertex〉=37.1± 29.3 s (Fig. 3C). Experi-
mental 〈τvertex〉>τlocal implies that many-body interactions yield
smaller net forces. For comparison, an isolated pair of droplets
will take t ≈ 20 s to travel the distance a/2 to arrive at a ver-
tex site. Thus, interaction-induced frustration leads to slower
dynamics.

In the second stage, we observe an extended relaxation of
the system that occurs throughout the observation period. The
dynamics are characterized by the rearrangement of either sin-
glets or doublets from one vertex site to another (triplets cannot
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Fig. 3. Statistical dynamics of rapid quench from a high-energy state into a frustrated, metastable state. (A) Representative time series showing that the
droplet relaxation process is characterized by two timescales. First, a rapid, radially inward collapse is observed until droplets encounter a hydrophobic
boundary. Second, rearrangements over longer timescales are observed. Schematics depict vertex states (Left, colored according to Fig. 1C) and droplet
alignment with the system center (Right, colored according to Fig. 2B). (B) Temporal evolution of vertex-site populations and energy for the experiment
shown in A. (C) Averaging over many experimental realizations shows that the time required for droplets to first arrive at the vertex state follows a long-
tailed distribution, showing that many-body dynamics leads to slower dynamics. The dashed vertical line shows the time required for an isolated pair of
droplets to move the distance a/2 required to reach a vertex site. (D) Temporal evolution of frustration µ, alignment 〈C〉 parameters, and energy E. We see
that alignment over long timescales is increased corresponding to monotonic reduction in energy. Furthermore, monitoring the population of vertex sites
as a function of time for representative experiments shows that doublets and singlets form first and are the dominant structure, while triplets form later
and often from the conversion of doublets. Error bars represent the SD of three separate experimental realizations.

move collectively), typically directed toward the center of the sys-
tem. The timescale over which these dynamics occur is commen-
surate with τglobal, implying long-range interactions are increas-
ingly dominant. This is supported by the observation that the
dynamics serve to align droplets toward the center of the system.
This can be seen by a change in slope of C (t)= 1/N

∑N
i ci(t)

at later timescales (Fig. 3D). This is a direct observation of
interaction-induced frustration where local order is modified to
accommodate a system-spanning potential. Finally, the energy
associated with these sequences of conformations is a monoton-
ically decreasing function of time (Fig. 3D). Despite fluctuations
in frustration, the absence of any fluctuations in energy is con-
sistent with the notion of a rapid quench from a high-energy
state into a frustrated, metastable state. While there is an increas-
ing tendency for droplets to align with the center of the system
as the vapor-based interaction signal propagates, there is a bal-
ance where structure breaking will lead to an increase in system
energy.

Performing this experiment many times (N =33) allows us
to compare the statistical features of this experimental realiza-
tion with those obtained from numerical simulation. We use the
experimental data to interpolate from the curves generated by
Eqs. 4 and 5 to gain insight into how many interacting neighbors

ξ are required to reproduce these features in the experimen-
tal data. We see that interpolating from the radial correlation
function C (ξ) gives a value of ξ=3.2± 0.32, and interpolating
from the misfit parameter gives ξ=3.5± 0.72 (Fig. 2 C and F).
Comparing the population of vertex structures obtained from
experiment with those obtained from numerical simulation, we
see that populations obtained under ξ=4 interactions give good
agreement in terms of the number of triplets and singlets; how-
ever, the occurrence of doublet structures is much higher in
experiment (Fig. 2G). While these results support the notion that
long-range interactions are important for understanding the sys-
tem, this picture is complicated by the role of diffusion within the
droplet array.

To summarize, we observe an inward collapse that occurs
on timescale τvertex, which is independent of system size. Here
the system is governed by collective interactions, which leads
to slower dynamics. In the literature of long-range interacting
systems, this process of noncollisional relaxation is described
as a “violent relaxation” into a quasi steady state (25). Over
the longer timescale (τglobal), the global, radially symmetric field
exerts more influence on the system, and information about
the original state is gradually lost as droplets orient them-
selves in the direction of the steepest gradients in the system.

6 of 9 | PNAS
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This alignment achieves a balance between global alignment
and local order which monotonically reduces the energy of the
system.

Rapid Prototyping of Lattices. Rapid prototyping refers to the pro-
cess of creating physical models and functional prototypes using
computer-aided design (CAD) software and digital fabrication
tools (42). The extension of these ideas to spatially constrained
many-body systems is important because the design space of 2D
patterns is virtually unbounded (1), and the resulting dynamics
are complex. In general, a typical experimental realization will
consist of a periodic array of interacting elements where each
element has a well-defined degree of freedom allowing for a
determination of the spin state. The ability to easily specify the
degree of freedom is often a fabrication challenge in other artifi-
cial lattice systems (43, 44). An experimental realization requires
two elements: 1) a jig to deposit droplets in parallel with spec-
ified initial conditions and 2) a hydrophilic substrate patterned
with hydrophobic constraints. Both elements can be designed
using CAD software and desktop fabrication tools (SI Appendix,
Fig. S10 and Movie S4). In contrast to systems fabricated using
conventional lithographic techniques, we can obtain same-day
design-to-experiment cycles.

Here, we show several square lattices with different degrees
of freedom (Fig. 4 and Movie S5). For each realization, we
provide a visualization of the spin states (Fig. 4 E–H) and
characterize the extent to which each element is aligned with
the global vapor field (Fig. 4 I–L). The first lattice consists of
Ising or two-state degrees of freedom arranged such that four
spins meet at right angles on a lattice site of the square lat-
tice. This is a two-component droplet realization of the 2D Ising
square ice first introduced by Wang et al. (7) to understand
the nature of frustration in magnetic spin systems, for exam-
ple, “spin ices.” An interesting feature of this realization of the
square spin ice system is that some droplets at the boundary are

found in an indeterminate state which satisfies the constraint
imposed by the global vapor field and are orientated toward
the center of the system. In the next system, we have an array
of XY or n-state continuous degree of freedom arranged on
a square lattice. The absence of any sharp corners allows for
minor perturbations to result in a state change. This susceptibility
to perturbation is related to the Kosterlitz−Thouless transition
in statistical mechanics and the Kuramoto model in nonlinear
dynamics (45, 46). Next, we present a realization of the four-state
Potts model (43). In contrast to the XY system, the presence of
sharp boundaries between states restricts rearrangements of the
system. Finally, we present a lattice with mixed degree of free-
dom. The idea of interleaving an Ising square spin ice with a
square XY lattice was first introduced by Östman et al. (47) as
a means to tune the thermal response of a frustrated, magnetic
system. Finally, we show a lattice with a fivefold symmetry and
five-state degree of freedom to demonstrate that 2D patterns
that resemble quasi-crystalline arrangements are also possible
(9) (Movie S5).

These lattices were chosen to reflect the ability to rapidly
replicate some historical developments associated with techni-
cal advances in the field of artificial spin ice (44, 48). However,
the physical properties of evaporating droplets present their own
unique challenges and opportunities when used as an artificial
spin system. Compared with arrays of mesoscopic magnets, the
interaction is radial as opposed to dipolar; furthermore, the
interaction strength decays with∼ 1/r as opposed to∼ 1/r3. On
the other hand, while colloidal systems offer experimental access
to dynamics through optical microscopy, the interactions are gov-
erned by a Yukawa or screened Coulomb potential which scales
as ∼ exp(−κr) /r (44), where κ is the electrostatic charge. This is
a short-ranged potential which will have fundamentally different
dynamic characteristics than systems that satisfy the 1/rα criteria
for long-range systems (25).

A B C D

E F G H

I J K L

Fig. 4. Rapid fabrication of diverse lattice geometries. (A–D) Images of droplet lattices with different spin degrees of freedom: (A) square spin ice, (B)
square XY lattice, (C), square four-state lattice, and (D) square spin ice with XY interaction modifiers. The boundary separation for all systems is 1 mm. (Scale
bar in A, 8.4 mm, applies to all images.) (E–H) Representation of the spin orientation from the corresponding images in A–D as arrows. Droplets with an
ambiguous spin orientation are shown in gray. (I–L) Correlation of spin orientation with the global, radially symmetric vapor field. Red and blue correspond
to alignment and antialignment, respectively; gray indicates intermediate alignment.
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Discussion and Conclusions
We have presented an experimental and numerical investiga-
tion of the collective behavior of ensembles of motile, two-
component, evaporating droplets. Our work shows that two-
component droplets have the ability to self-assemble through
long-range, vapor-mediated interactions. We consider the case
of relaxation from a high-energy state on the N =61 hexag-
onal honeycomb lattice and find that the system settles into
frustrated, metastable states over two timescales. Comparison
with a minimal mechanical model allows us to understand
the role of the diffusion timescale in the relaxation process.
More generally, we have presented a method to rapidly explore
the dynamics of many-body systems with long-range interac-
tions subject to arbitrary 2D constraints. While the physical
nature of the interacting elements limits direct comparisons
with electronic or gravitational systems, it extends the range
of possibilities that exploit the physical and chemical prop-
erties of liquids. For example, recent experimental work on
Marangoni contracted droplets points the way toward a more
diverse set of interactions to be explored. Specifically, grav-
itational effects on Marangoni flows could lead to repulsive
interactions (49). Alternatively, expanding the set of evaporating
species could lead to multiple, chemically distinct vapor gra-
dients (30). Meanwhile, the recent development of long-range
interacting oil-in-water droplets allows for extending the ideas
developed in this paper to other classes of soft, active-matter
systems (50).

Identification of universal features associated with long-
ranged interacting many-body systems in this unexplored context
is certainly of fundamental interest, in particular, understand-

ing the relationship between long-ranged interacting degrees
of freedom and their spatial arrangement. Rapid prototyping
and fabrication has had a profound impact on a variety of
manufacturing and engineering fields (42, 51). The ability to
rapidly fabricate virtually any spatial pattern enables a broader
set of questions to be asked that would otherwise be impracti-
cal given current, alternative fabrication methods. For example,
characterizing the relationship between geometric perturbations
and relaxation dynamics in synthetic tiling systems. Finally,
understanding the relaxation pathways of diverse, interacting
elements is a promising strategy for developing novel compu-
tational materials using arrays of artificial mesoscopic magnets
(16, 17).

Materials and Methods
Details of fabrication, image analysis, and numerical modeling of the lattice
systems and relaxation experiments all appear in SI Appendix.

Data Availability. All study data are included either in the article or in
SI Appendix. Code for numerical simulations can be found in GitHub at
https://github.com/prakashlab/evaporating-multi-droplets. Video data are
available from the authors upon request.
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